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ABSTRACT 
This paper is intended to provide an 1nterim summary of the work that has been 
in ested 1n the "li story frame". There is no intention of arriving at unequivocal 
conclusions. Actually, its main objective is to provide a starting point for those 
who will continue the investigation now t:hat t:he compu er program 1.s operational. 
In this vein, it contains a description of the structural analysis with the actual 
derivattons added as appendices . The procedure is the solu.tton of slope-deflection 
equ.at1ons in matrix form, using a digital computer . Since the person continuing 
this project need not necessarily be familiar with computer programming, the pro-
cedure for using the finished program, as well as information about t:he computer 
which ts of general interest, has been tncluded as the final section , 
Since the project has already covered an extended period of time~ this paper 
does have an additional purpose. It is expected that a limited number of indivi.d-
uals who are only indirectly associated with the Small Homes Council-Buildi_ng 
Research Council may be interested in the progress that has been made. Some of 
these men are familiar with the structural analysis but not this particular project, 
while others are more aware of the general concepts than the engineering . There-
fore, some background material has been included with the hope that they may extend 
their comments and suggestions. 
Finally, there is a short discussion of the full-scale tests which have been 
made. As anticipated, the deflections obtained by test do not agree with the cal-
culated values. Some of the possible reasons for these discrepancies are advanced. 
Wi .h the computer program now in operation, this frame would seem to have unlimited 
possibilities as a tool for more basic research in the area of wood struc~ral 
analysis. The writer has taken the liberty of advancing a few ideas in this d.1rection . 
INTRODUCTION 
Probably the only definition of a "1~-story house" is one made by default. 
A single-story residence has living rooms on the ground floor only. A two-story 
house, on the other hand, has two full height living areas, one superimposed 
di r ectly over the other. Obviously then, the 1~-story design is one that fits 
between these limits. It is a single-story home with an attic space large enough 
to contain useable rooms, usually bedrooms. This space is made useable by having 
a r elatively steep roof pitch; by not demanding full height ceilings throughout 
the space; by using a sloped ceiling fastened directly to the bottom of the rafters ; 
and in some cases by qdding height and window area through the use of dormers. 
Early in 1960, the Lumber Dealers Research Council (LDRC) awarded a contract 
to the Small Homes Council-Building Research Council (SHC-BRC) to study the design 
and feasibility of a prefabricated "truss" for framing the upper level and roof of 
1~ story houses. This was a continuation of other studies undertaken between the 
two organizations to devise methods of prefabrication which could be employed by 
the lumber dealer, or, in some cases, by the builder himself. The original in-
tention was to publish the design as another instruction sheet in the series al-
ready printed by the SHC-BRC. 
Since the basic concept required a large open space in the center of the unit, 
a true truss could not possibly be used. The result was, instead, a highly indeter-
minate frame which depended upon joint rigidity for its strength. One method of 
designing, such an indeterminate structure, would have been to determine a trial 
structure from approximate calculations and then submit it to full scale-tests. 
Obviously, using this procedure it would not always be possible to perform enough 
tests to assure that th~ optimum design be obtained. Furthermore, it was hoped 
that this frame might find applications in various sections of the country, with 
•. 
diverse climatic conditions, building codes, and other restrictions. But the 
number of trials which could be made by such time consuming and expensive methods 
is very limited. In an .attempt to overcome these difficulties and to add to the 
basic knowledge of wood structures, the project was given a second purpose - that 
• 
of investigating the poss~b~lities of applying, by means of a computer, a more 
rigorous mathematical analysis. 
~ 
The study was placed under the immediate supervision of D. H. Percival, 
Assistant Professor of Wood Technolo~y and Utilization; The structural analysis 
was started and a program written for the University of Illinoi.s' I.B.M 650 com-
puter by D. H. Sapp, a Research Assis tant. Since this was a unique and somewhat 
difficult analysis, some unforseen difficulties arose. By the summer of 1962 when 
the University removed its I.B.M. 650 from service, the results obtained were still 
not completely satisfactory. Therefore, an entirely new program was written for 
the replacement computer, an I.B.M. 7090. The material which is presented in this 
paper is based on the current state of refinement. 
PART I ... GENERAL INFORMATION 
THE FRAME 
A line diagram o;f the frame is shown in Figure 1. It is intended to be con-
structed using conventional shop practices and 2-in.-nominal dimension lumber. 
The top chords (members ABEF and FGHJ) ~re continuous . Section DL of the bottom . 
chord is also a singl~ member , but not continuous with members ACD and JKL. 
There are two reasons for breaking the continuity of the bottom chord at D 
and L. The first is that lumber is not ordinarily available in lengths that will 
span the entire distance AJ . Unlike conventional trusses, this frame has a floor 
load which produces a . relatively large positive moment at the center o:f the span, 
~aking a center splice at this section undesirable . Furthermore, a maximum nega-
tive moment will occur over the reaction which implies a point of zero moment at 
some unknown point qetween the reaction and center of the frame. While the ideal 
solution would be to locate the joint at this node, a gusset is required to join 
the kneewall members to the bottqm chord and this becomes the logical location . 
of the splice. 
The second purpose of this splice is to allow the use of different size mem,-
bers for ACD and JKL (14) than is used for member DL (! 3) . Since the former are 
I· 
relatively short members subjected to large concentrated loads, the critical value 
in their design is likely to be shear. :Member DL, on the other hand, is substan-
tially ionger and its major load · is of~ uniform nature, which indicates a design 
for maximum moment. 
'• ,. 
Further inspection of fig. 1 ~hows that provision has been made for two oth~r 
section modu~i. ·~ This allows the·sizing of the top chords (11 ) to be independent ·Of 
the other members. While the three interior members are of a common size (12), they 
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too are independent of any other members . The logical first choice for all of 
these sections is some nominal size of &4S (surfaced 4 sides) lumber but there are 
no restrictions against the use of a built-up section if it should seem desirable. 
The figure below shows one of the trusses that was built and tested by the 
SHC-BRC. This particular frame consisted of a 2" X 10" bottom chord (13 & 14), 
2" X 8" top chords (Il), and 2" X 4 11 kneewall and ceiling members (12). Note also 
the use of nail - glued plywood gusset plates. Since the strength of this frame is 
dependent to a considerable extent upon its ability to transmit moments through 
the joints (i.e., joint rigidity), the use of any other type of connecting device 
now on the market was not considered feasible . While the SHC-BRC has not yet per-
formed any design calculations or tests on these joints alone, some work in this 
* area has been done by others (2) (3) (4) , 
ONE OF THE TRUSSES BUILT AND TESTED BY SHC-BRC 
* Numbers in parenthesis refer to entries in the Bibliography. 
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DIMENSIONS 
As far as the structural analysis is concerned, there are no limitations on 
the dimensions of the frame except that the geometry be compatible. That is, if 
L4 is given as 4 feet and L7 as 3 feet, then L1 must be 5 feet. On the other hand, 
there are some practical limitations and attention should be particularly called 
to the requirements for attic rooms i.n Minimum Property Standards for One and Two 
Living Units, published by the Federal Housing .Administration (1). 
MODULUS of ELASTICITY 
l.,QADS 
There is also a complete lack of restriction on the species of lumber to be 
used. Because Douglas Fir is commonly used, its modulus of elasticity (1.76 x io6 ) 
was written into the computer program. However, an override feature was included 
so that the proper value for any other species could be substituted. Since the 
output of the com.Buter is in the form of actual stresses, no attempt was made to 
have the computer compare the stresses with allowable values for this same reason. 
It was felt that the user could make this check by hand as easily as he could in-
elude the extra data in the input. It also seems desirable to be able to apply 
some judgement in this matter, which the computer cannot do. 
The loading conditions have been made as general as possible. Figure 1 shows 
how each load would be applied to the frame. The loads W and W are applied to-1 6 
gether to simulate a normal wind load of any desired magnitude. Separately, W 
1 
simulates a wind load on the horizontal projection only and w6 a snow load on one 
side only. The dead load and live loads such as snow and ice are applied as w4 and 
W5 . The difference between these two being that w5 includes an interior finished 
ceiling which would not be applied to the attic space covered by w4 (note the 
approximation that the ceiling applied to EG is treated as a uniform load' along 
EFG), The dead load consisting of the upper floor, length DL of the bottom chord 
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and first story ceiling; plus tbe living area live load is applied as W3 • Load 
w2 is similar to w3 axcept that the dead load' ctue to flooring as well a:s tb;e J.~ve 
load is reduced or eliminated. In a-ddition, tl1e <:!oncentrated load of the >krtee~alls 
can be included as n ~1' In some cases anothe,f concentrated load, shown as ~' 
·would be applif3d py a stairway header. It shd\tld be noticed that this latter load 
can be applied anywhere along the lengtll D~. 
~ASIC CONCEPTS OF INDETERMINACY 
There ;is a current trend toward standardizing- the cohditions under whiyh 
trusses (at least those of residential interest) are tested to the equivalent of 
t 
on.e pinned and one roller support. This condition makes the tru~s e;xternal .Y 
determ,inate . Therefore, the ~agnitude of the reaction~ m~y be calc4lated q-ing 
only th~ tpree elementary equations of statics. That is, the algebraic sum Qf 
tb-f> fo.;rces in .any two orthogonal ' directions must be equal to zerQ and tlle a~ge-
braic sum of the moments about any arbitrary point must equal ze~o. SiQce ,be 
pi~ reaction supplies both a vertical and a horizontal force, but no moment; and 
tPe .roller provides only a vertical force; tbis set-up provides exactly th~~e un-
~o '$ w~ich can b~ e~sily determined by tbe simultaneous solution of t~se tbre~ 
eq~t;ons of static equilibrium. 
~ bile tbis procedure does not exactly represent . "field conditions", it is 
QQnvenient and probably represents the extreme condition for member stl"esse~. · 
· .. 
Npte that if there ·were only two forces, as suppl~ed by two rollers for exawple, 
it 1/ol)l~ be impossib,le to satisfy ~11 three equations under a general loadip.g con-
, ·' . 
di tiQ~. In this case the ~tructure would be called .itunstabletr. On the other hand; 
i 
if tnqre than 'tbrE:fe t?eaction forces are . provided the equations of statics befome 
' i in~ufficient and the structure is "indeterminate". In this case it is nece~sary 
tb derive addi tiona! eqttQ.tions, usu.~lly f :q>m deformation considerations. 
Nbwt if any individual member of the frame is subjected to the same type of 
- 4 -
analysis as just applied to the structure as a wh~le, it will be found to be in-
determinate. Specifically, each member is subjected to a shear force, an axial 
force, and a moment at each end, a total of six unknown reactions. Subtracting 
the three equations of static equilibrium leaves each individual member "indeter-
minate to the 3rd degree)1 • For many yea~s trusses were built with piQAed joints 
so that the member stresses ·could be analyzsd without encountering this problem. 
Later it was found that trusse~ could be ana.ly:Zed on the basis of having pinned 
joint~ and be constructed with rigid jointst S.nd yet the "secondary stresses .. 
I 
introduced by this moment transfer .would b~ n~l?;ligible. A stilt later development 
was the ·"rigid frame" which depended upon the mom~Jlt transfer for its stability. 
This is the distinction between trusses and f~ames. Obviously the assumption of 
pinned joints is not applicable to frames. It can be seen from Figur~s 4 through 
8 that the ·11li-story frame" is truly a frame. If the joints in the frame were 
pinned, five addi tiona! supports would be required -to P':t'event deflections and 
' 
make it stable. One manner of supplying these supports is shown by the roller 
reactions in Figure 2. Each of the other five figures depicts the manner in whicb 
th~ frame might deflect if one of these supports were removed and is called a 
c-onditi·on of "sidesway 11 • This shows that there are 5 possible sidesway deflect1.ons 
and 11 possible joint rotations, all of which are unknown. From this the structure 
i§ said to be (internally) indeterminate to the 16th degree. 
FUNDAMENTAL SLOPE-DEFLECTION ~QUATiONS: 
One rne.thod used .. ih the analysis of in(leterminate structures is that of the 
· .,slop.e-.cieflectiouff equations. The fundamental slope-deflectl.on eqU,ation is an 
expr~s-sion. for the mtiment on the end of a member in terms of four quanti ti~s,. 
~ 
These are the rotatfpn o~ the tangent at ea.ch end of the elastic curv·e of the 
member, the rotation .of" 'tbe -'Ch-or.d joining .the ends of the elastic curve 1 and the . 
external loads a.pplied ·-to ·~he member. Thi$ eq~ation, the derivation of whiCh ~an 
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be found in any text on elementary struct.ural analysis, is : 
where : n - subscript indicating near ,end 
f - " " far end 
~ - rotation of the tangent 
V ... rotation of the chord 
FEM- fixed-end-moment , . i . e . , ,the moment that would be 
develOped if the member were a simple beam with 
fixed ends and subjected to the same loads . 
It is now obvious that twenty - eight simultaneous slope-deflection equations 
can be written for the fourteen members ' of this frame . Since the structure has 
been shown to be 16° inde t erminate , some of these equations may be combined and 
the problem degenerates to the simple solution of 16 simultaneous equations. 
Obviously, the manual solution of slope-deflection equations is practical only 
for the simplest of rig id frames . However, these are linear equations and thus 
ideally suited to matrix algebra formulatipn. Furthermore, the manipulation of 
matrices is a process which fits well into the operation of a digital ,computer. 
OTHER METHODS OF ANALYTICAL ANALYSIS 
There are other methods of analyzing indeterminate structures, such as energy 
methods, but all involve the solution of simultaneous equations . Since the amount 
of computation required is roughly proport;ional to the square of the number of such 
equations, the solution of more than a half dozen is quite lengthy . 
Early in the 1930's , Prof . Hardy Cross* developed an i tera ti~·;;;· me thod Of $Olving. 
the slope deflection equations called "moment-distribution", which almost replaced 
their exact solution until the advent of computers . This is really nothing ·mnre 
than a systematic method of "bookke~ping 11 and the tabular form as shown in Appendix V 
is one of the most convenient forms . The initial trial values are the 
* Former Professor of Civil Eng~neering, ' University of Illinois 
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fixed-end- moments at each end of each member. A correction is applied to each 
joint so that the sum of the moment s about it is equal to zero. This correction is 
then "distributed" to each member framing into the joint, accor ding to the member's 
stiffness. This revision of the moment at one end of each member is then "carried 
over" to its opposite enr;i. The process is continued as shown in the example of 
Appendix V until the desi re d degree of convergence is obtained. 
When there is a condition of sidesway , as in this frame, imaginary holding 
force s must be supplied to prevent moments induced by these deflections (see 
figur e 2). Each force so applied must be released, one at a time (see figure 4 
through 8). Then the point at wbich the redundant force had been applied is im-
agined to deflect an arbitrary amount. This deflection induces a moment, the 
magnitude of which can be calculated from the slope~deflection equations. Next i t 
is necessary to compute another mom~nt-distribution using these moments as the 
init ial trial values. For this frame, since it has five conditions of sidesway, a 
total of six moment-distribut~ons were required. Since these holding forces are 
only imaginary, the net combination of all sets of moments so obtained must be 
such that these forces do reduce to zero. Therefore, the final step is to write 
the equations for one of these forces in terms of the moments obtained from each 
distribution. These equations (in this case six of them) are then solved simu-
taneously to determine a coeffic~ent by which each set of moments should be mul-
tiplied, so that the resulting summations will eliminate the fictious forces. 
Seven analyses were computed for this frame and the results are presented, for 
comparison, in Figure 10. Also, one complete solution is presented in Appendix V. 
Note that the amount of computation required for this frame was reduced by the 
s ymmetry of structure and loads. 
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FULL SCALE TESTING 
Many people feel that theore~ical analysis of rigid-joint trusses and frames, 
or at least the wood type used in residential construction , is not practical. One 
reason is the complexity of the procedure 9 as just shown. Furthermore, many of the 
connecting devices used in wood construction do not provide a fully rigid joint, 
and the degree of rigidity is hard to evaluate. Yet , probably the biggest factor 
is the unpred~ctability ~f 'the material itself. With the exception of concrete, 
wood is prob~bly the most non-homogeneous material in use; its strength is 
dependent upon its species, rate at which the tree grew, moisture content at the 
time of test~ imperfections allowed and their location, and many other factors . 
.:. 
Therefore, it is extremely difficult to obtain test data and calculated values 
which are in agreement , and to rely on a theoretical analysis which was not first 
verified by test data would be extremely fool-hardy . For this reason, the SHC-BRC 
built and tested several full scale frames _during the summer of 1961 . The results 
of these tests are also presented in Figure 10 . 
However p full scale tests are not an easy answer either. They require a 
large investment in equipment , time, ~ and material . In the first place , reliable 
results cannot be obtained with less than three specimens of each type of structure 
or change in dimensiqns under consideration . These specimens are even more ex-
pensive than the prototype since they are ·"hand-made" 9 as opposed to the inherent 
economies of mass prqduction . Also , the process of setting up the test apparatus 
is quite time consuming " In the procedure used by the SHC-BRC , the frames were 
tested horizontally, peing supported by rollers placed directly on the concrete 
floor . Large steel angles were bolted to the floor to provide the reaction sup-
ports along the botto~ chord . Next a series of hydraulic jacks was bolted to the 
floor, spaced 2' on c~nters along both the bottom and top,. chords . Two hydraulic 
.· pt11.Ilps were provided; one connected .to the jacks along the bottom chord and the 
other to those along the top chord . The use of two pumps provided two loads 
which could be varied independently of each other. It can easily be seen that 
the possible number of size and loading __ co;ndi tion combinations is quite limited, 
MODEL ANALYSIS 
Another met:hod whi.ch has recently become popular is the use of models . 
While this requires much less expense and equipment , it must be carried out to 
a greater accuracy s1nce errors are increa~ed by the scaling involved. 
There are two ways in which model testing may be approached . The "stiffness" 
of any member is the product of its moment of 1nertia times its modulus of 
elast1c1ty , divided by its length . Therefore , the model and prototype may be made 
such that the stiffnesses of corresponding members are equal , or at least pro-
portional . If they are equal, the model data may be compared directly with that 
of the prototype . If, on the other hand , equal stiffnesses were not practical, 
the ratio of the two becomes the "s~ale fa~tor" , which must also be used to con-
vert the data from model to prototype . 
Probably a more convenient approach to this particular problem is to make 
the model of any convenient material and dimensions . These values can then be 
used as data for a "run" on the computer. , 'I'he results thus obtained from the 
computer program can be compared directly with the results of the model test. 
I 
Almost any material can be used in the construction of a model. However 9 
since the intent in this case is to circumvent the non~homogeneity of wood, this 
· material is probably ruled out . Steel , on the other hand , is probably too stiff , 
but brass and Duralumin are possibilities. Celluloid seems to be the best 
material; being easily machined ~ homogeneous ~ not too stiff, and easily "welded" 
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with acetone . However , it has a very undesirable tendency to creep. Approximately 
,. 
85 percent of its deflection takes place within a few seconds y but it takes 
approximately 15 minutes before the other 15 percent is essentially completed . 
This problem can also be surmounted by using a celluloid "spring balance". In 
this method 9 a finite deflection is introduced through the spring balance. Then 
the instantaneous force required to produce this deflection can be related to the 
instantaneous stress by the ratio of model, deflection to deflection of the spring 
balance . 
This short description of model a nalysis was essentially taken from 
Norris & Wilbur {5), which presents in one chapter a good summary of the subject. 
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PART II - STRUCTURAL ANALYSIS 
M.~TRIX ALGEBRA 
The method of analysis used for this project was modeled after a paper pre-
sented by Professor C. K. Wang (6). Specifically, the procedure is to derive and 
solve the slope .. deflection equations in matrix form. Since the use of matrix 
algebra is comparatively new in structural analysis, a few introductory concepts 
seem appropriate . 
Matrix algebra is essentially a shorthand form of notation applied to linear 
equat ions . A matrix is a rectangular array of elements, arranged in rows and 
col umns and enclosed by brackets to distinguish it from any ordinary grouping of 
numbers. For example, the equations: 
Mab = 2 EI 
L 
Mba = 2 EI 
L 
can be expressed in matrix form as follows: 
4 EI _ 2 EI 
+ 
6 EI 
.. Mab L L L 
Mba 2 EI + 4 EI 6 EI 
L · L L 
or: 
= + 
(29a - 96 + 3Yab) + FEMab 
Qa + FEMab 
Qb + 
Vab - FEMab 
Before there can be any discussion of matrix manipulation, some of the 
unique nomenclature applied to it must be explained . Consider the matrices 
shown below. Matrix [A] is a rectangular matrix of two rows and three columns 
and is referr·ed to as simply a "2 x 3 matrix" . It is standard practice to give 
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the number of rows fLrst, fc1lowed by the number of columns. Each element within 
the matrix is described in a similar manner ; for example, element a21 is the 
element located in the second row, first column. The second example is a matrix 
with on l y one column and is commonly called a " column ma-rrix 11 • Final ly , matrix: 
[c] is a " square rna rix" nd those t! l ements with equal subscripts, for example 
element c22 , are known as "diagonal elements" . One s pecial case of the square 
matrix is the ''unit matrix" in which all diagonal elements are 1, and all other 
element s are 0. This latter mat ix has exactly the same functJon in matrix al-
gebra as does the number 1 jn ordinary algebra. 
hll al2 a~J bll ell cl2 c1~l [A] = rBJ = [c] :::: L , 
a21 a22 a23 b21 c21 c22 0 23 
b31 c31 c32 c33 
The addition or subtraction of matrices is accomplished by simply adding 
or subtracting individually the corresponding elements . This means that only 
matrices of identical size can be added or subtracted, and that the resulting 
matrix is of the same size as the originals . 
Symbolically : 
[A] + [B J = 
axb axb 
[c] and cij 
a b 
= a .. 
lJ 
.± b . . 
1J 
Two matrice s can be mu ltiplied only if the number of columns in the first 
is the same as t he number rows in the second. The resulting product matrix has as 
many rows as the first multiplier and as many columns as the second. Each 
elemen t of the product is obtained from the sum of the products of each element 
in the corr sponding ow of t he first multiplier , mult i plied by its corresponding 
columnar element of thE: second matrix. Since this can only be made clear by 
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examp l e, c ons i der t he case of : 
[c] ::;: [A] [s] [s] 
= 3 X 3 
/ 
1 I I . 3 5 
t 
6 I 7 9 
2 I 4 6 
I 
I -
~~(l X 1) + (2 X 6) + (3 X 2) 
~--2--~-- - - fi~J 29 411 
L! 5 ~ L!6 71 1~ 
2 X 3 [c] 2 X 3 
One important point to note is that, unlike common algebra, [A] x [B] 
does not equal [B] x LA]. In other words, the commutative law does not hold 
for matrix multiplication. Also, any matrix may be multiplied by any scalar number 
as was done, in effect, when the pree e .:ding slope-. deflection equations were 
transformed to the matrix fornL 
It is not possible to pe~form division in matrix algebra in the same manner 
that it is ordinarily done . However, 'the same result can be obtained by "mp. trix 
inversion". This is the process of multiplying the dividend by the inverse 
mat ri;x of the divisor. The inverse of a matrix [A] is usually denoted 1Jy the symbol 
r,A- 1] t and is defined as follows: 
::;: where = a unit matrix 
Another example will clarify this process. Assume that [A] is a square matrix 
and that U3] and [c] are of any order so long as they are compatible tor 
mul tipl~cat ion with [A] . 
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If : ft\J (B] ·- [c] 
Then: 
[A-lJ (A] (B) = [A.-1] [c] 
But : 
[A~ ~. [!\] [1] therefore : 
(I] [BJ [_A-lJ ~] 
Or : = [c] 
There are a number of restrictions on the process of inversion, the most out-
standing being that only a square matrix can be inverted . Furthermore, the pro-
cess of determining the inverse matrix is so time consuming that it is imprac-
tical, except through the use of a computer. This is admittedly a very brief 
and incomplete treatment of the subject of matrix algebra . One of the best 
references for a mor~ complete background on this subject is the book "Frame 
Analysis" by Hall ahd Woodhead (7). This is also an excellent reference for a 
more theoretical approach to the structural analysis which follows. 
STRUCTURAL METHODS 
Speaking in very general terms, there are two methods of approaching any 
structural analysis problem. One is the "force method", in which the external 
and internal forces are computed first. Once these have been determined, the 
internal stresses and final . deflections may be obtained. Conversely, it is 
possible to express the internal forces in terms of corresponding displacement 
components of the structure. The expressions so obtained may be substituted in 
the key equilibrium equations of the structure, thus obtaining a system of simul-
taneous equations in which the displacements are the unknowns. This is the 
"displacement ·method". The configuration of the particular structure under con-
sideration d~termines which of these two methods is more suitable. 
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THE "A" MATRIX 
From this it follows that the s lop e -def l ection analysis used i s a d i splace• 
ment method . The first step of the particular modification b eing presented is 
to draw a pair of line diagrams . The fi r s t defines the j o i nt rotat ions and side-
sway displacements with their corresponding restraining forces , which are labeled 
x1 and Pi respec tively in Figure 2. The second diagram defines the member end~ 
moments (Mi) and their corresponding member end-rotations (Qi) as shown in Figure 3, 
It has alre ady been shown that if this frame were pin-jointed it would r e quire 5 
addi t ional reactions to provide stabil i ty . In addition, the primary structure in 
which all displacements are prevented must have ll joint restraints, for a total 
of 16 "p" forces. It is obvious that P1 through P11 are simply the algebraic 
sum of the member end-moments acting at their respective joints. The five re-
maining holding forces can also be related to member end-moments and the deriva-
tion of these relationships is shown in Figure 9 . From these relationships the 
"A" matrix is defined and constructed. Thus : 
[p] = [A] [M) (See Table 1) 
16xl l6x28 28xl 
THE ''B' ' MATRIX 
In the same manner that the restraining forces are related to moments, the 
various deflections that could occur in their absence may be related to the member 
end-rotations. The 11 joint rotations are a direct function of the end-rotations 
of the members fram~ng into the joint. The 5 translations may also be related 
to the member end-rotations and these calculations comprise Figures 4-8. These 
relationships comprise the "B" matrix which is defined as follows : 
[9] = [B] DO (See Table 2) 
28xl 28xl6 l6xl 
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~] IS THE TRANSPOSE OF [A] 
At this point it can be seen t hat [!3] i s the transp ose of [J\1 That is, 
the f actors are the same in both, only rows are e xchanged for columns. It can 
be shown (and Professor Wang does demonstra t e this proof) that this is a necessary 
con d ition . However , each matrix is derived independently as a checking procedure . 
It was this check whicl;l brought to light an error made in the original comp'!.lter 
program. Since the frame is externally determinate, the reactions were deter-
mined and applied as loads to continuous members AD and JL, without considering 
joints at C and K. From the sketch shown below it is seen that 9 1 is a function 
of the quantity L4 -L10 while M1 is a function of only L4 . When this was realized, 
the deflected shapes (Figa 4-8) were redrawn with the joints inserted at C and K. 
Prior to the insertion of these joints, compatible solutions could not be obtained 
except when L was defined as zero. In this case, and only this case, both the 10 
moments and rotations are a function of L4 alone. It might be added parentheti~ · 
cally that the error occured because the original derivations were made under this 
condition and it was not observed tnat~X and x12 , as shown below, are not the 
same in the general case. Therefore, assuming that "c" is not a joint: 
AX!x~f:Z-f 
A c 
1: '-1o ~I 
I 
I 
I 
I 
I 
,_-- I' 
____ -_-_ .......... ;j.,. ...... -- .. 
I 
D j 
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(continued on next page ) 
; 
Close inspection of these figure$ leads to the conclusion that the deflected 
shape ACD (shown dotted) is not necessarily a straight line, as long as L10 is of 
some finite value. Then, if a change in rotation of the chords at "c" is assumed, 
this implies a joint, and both M1 and 61 become functions of L10 only. A similar 
analysis applies to the other elements pertaining to the members AC, CD, LK, and KJ . 
THE "s " MATRIX 
The next step is to determine the elements of the ;'stiffness matrix" . This 
matrix, usually given the symbol ~] defines the relationship between the 
moments and the tangent rotations at each end of the members . Again avoiding a 
detailed analysis, it can pe seen from the- basic slope-deflection equation that 
.. 
the moment at one end of a member is related to ! the tangent rotation at the same 
end by a factor of 4EI 
L 
This same moment is related to the rotation at the far 
end of the member by a factor of 2EI 
L 
Inspection of Table 3 shows that the 
ele;rnepts of the [s] rna trix are simply these two factors arranged in the proper 
seq:y.ence . 
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THE "p" MATRIX 
The final matrix to be derived is the load or [P] matrix . This column 
matrix has as many elements as there are unknown displacements (joint rotations 
and sidesway) and therefore, imaginary holding forces. Table 4 shows a summary 
of thi s matrix . Each element is derived from a summation of forces on a free-
body-diagram of the point of ap~lication of the holding force in question. The 
numbering convention is arbitrarily defined by the first line diagram (Figure 2) 
and the sign convention has taken such that the direction of the resultant is 
consistant with the assumed direction of the deflections. The first eleven 
elements are so e~ementary that they are derived from inspection, but those re-
lated to the holding forces are a little more involved and presented as Figure 11. 
THE SPRING MATRIX 
At this poinL the problem degenerates to one of algebraic manipulation of 
the matrices. The following relationships have been defined: 
[P] = (A) (M] 
[9] [!3] [x] = [AT] [x] 
[M1 = [s] [9] 
by substituting III into I 
[PJ = (1\1 [s] [9] 
and further substitution of II 
[PJ = (A) (S~ (AT] (X] 
I 
II 
III 
Now it is possible to demonstrate the real advantage of this procedure. In anal~ing 
such an iqdeterminate structure it is always necessary to first assume trial mem-
ber sizes, . and then check the results against the design criteria; whether it is 
excessive stresses or excessive deflections. Furthermore, it is usual to check 
the structure under a number of loading conditions to find the one wh.ich is critical. 
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But the above equation defines the ~ matrix, which was derived from the loading 
conditions, in terms of the J§J , I~ , and [x] rna trices . Of these, the [x] 
or displacement matrix is the .onl,y unknow.n ~ Both [~ and- JA] are functi-ons of 
the physical characteristics of the structure and do not change under changing 
loads. Therefore, the -"spring matrix", denoted by [K] , is defined as follows: 
(K] = (A) [S) ~'I'] 
from which 
(P) = [K) [X] 
or, in a more useabl e form 
[x] = ~- 1] [P] 
Since the spring matrix is a function Of only the geometry of the structure, 
it must be calculated and inverted. o~ly once . Then, to determine the moments or 
displacements under a given loading system requires only the calculation of a new 
~ , and subsequent pre-multiplication by [K-1] . Finally, back substitution 
of [x) into equation II gives [9] , which may in turn, be substituted into 
equation III to determine [~ . In this manner, both displacements and member 
end-moments for any loading _system are determined. 
DETERMINATION OF STRESSES 
The procedure used to determine the unit stresses and deflections at various 
sections along the m~mbers is an application of the calculus of finite differences 
to the moment-area theor~ms. Each member is arbitrarily divided into 9 equal in-
te.rvals .. This provides the desired diagram ordinates for each member at 8 in-
termediate sections and each end. A specific number of sect'ions was used rather 
than dividing the members by a fixed inte:rva~ l.ength on the. premise that the most 
useful output would be j ust a sufficie-nt number of points- to plot any desired 
diagram . While tb.e maximum val ue o-f- any function can be obtained with sufficient 
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accuracy by scanning the output tables, it may be desirable in some cases to know 
such things as the lateral extent of excessive stresses or non-symmetrical deflec-
tions . It is in these instances that the plotted diagram will be helpful . 
Along the top chord and interior members the numbering of sections corres-
ponds to that of the end-moment~ with the decimal point moved one place to the 
right;. That is, section 110 is at the lower end of member AB (Figure 2) and 
section 115 is just to the left of its mid-point . Had time permitted, -.the com-
puter program would have been extended to produce a plot of the deflected shape 
o f the bot tom chord. To facilitate this plotting, the sections from joint A to 
joint J were numbered consecutively from 1 to 50. Thus, sections 25 and 26 bracket ' 
the center of the structure and sections 40 and 41 are located just to the left 
and right, respectively, of joint K. One check of the computed deflections is 
that they must be the same at the two sections bounding any joint. 
The steps in determining the member end- moments and rotations, as well as the 
sidesway displacements have already been shown. The first step in the second 
portion of the program is to determine the shear and axial forces at the left end 
of each member using the equations of statics. Starting with these computed shears, 
the ordinates of the shear diagram at each of the 9 remaining points are calculated 
by summing normal forces. In the same manner that moments might be computed man-
ually , the machine sums moments about a fictious free-body-diagram of each of the 
8 intermediate sections of each member . Thus, by using the ability of the com-
p~ter to index through repetitive computations, an approximate ·shear ~nd moment 
diagram for each member is obtained . The diagrams so produced are approximate 
since all functions are assumed to vary in a linear manner between 10 discreet 
points . 
Since the computer must index from point to point along each member, it is 
advantageous to calculate all diagram ordinates at eq.ch point before moving on to 
the hext . As soon as the total shear is computed, the unit shear is obtained by 
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simply dividing by the section area (areas and section moduli are also part of 
. 
~ 
the input data). The fiber stress is only slightly more complicated, requiring 
the summation of axial forces along the fictious free-body-diagram to determine 
the thrust at the section. From the familiar relationship for bending stresses, 
the extreme fiber stress at any point is the summation of the absolute magnitudes 
of the thrust divided by the area, plus the moment divided by the section modulus . 
Thus, while a positive shear acts upward at the left side of the section, the sign 
of the extreme fiber stresses has no meaning and will always be positive. 
DETERMINATION OF DEFLECTIONS 
At the same time that the stresses are computed, a trial slope and deflection 
are also calculated. After the trial deflection at the right end of the member 
is obtained, it can be compared with the known value at that point. The difference 
between these two deflections provides a correction factor which is applied pro-
portionately to each section to determine the true ·displacement. The deflections 
of the top chords and interior members are not computed since they seem to have 
little, if any, significance . 
According to the moment-area theoran each diagram is obtained from the next 
higher diagram. Therefore, the next step is to determine the ordinates of the 
angle-change, oroC, diagram from the moment diagram. Using a procedure developed 
* by Dr. N. M. Newmark (7), the value of any interior ordinate of theoC diagram is 
given by: 
oc. = 
1 
1 
l2EI 
where: 1= the length of interval between sections 
The initial angle change, oroe1 , of each member is the joint rotation at that 
point. These joint rotations are the first 11 elements of [x1 . The negative 
sign is added to convert the results to the more conventional form of positive 
deflections downward. 
* Head of the Department of Civil Engineering, University of Illinois 
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Next, the initial slope of each member is assumed equal to 0 and the slope 
at each succeeding section calculated as follows : 
where: Q. is ' the average slope over · th~ interval between 
· s~ction · "i" and sect~on "i-·l 11 
The defleations at all joints along the bottom chord are already known~ That 
is, elements 12 through 14 of (£c] describe the 4 possible sidesway displacements-
along the bottom .· chord, and since settlement of reactions has not been 
considered, the deflection of the other two joints must be 0. Since these are 
also initial deflection conditions , the intermediate deflections may be obtained 
from: 
A. :::::. b._ 1+ ( Q1. ) (L) 
1 1-
where : L= the interval length 
Finally, the deflection at the lOth , and final section must also equal ~ known 
I 
joint deflection. qnless the initial slope happens to be 0 as assumed, this will 
not be the case, and a linear correction is applied to each ordinate so that the 
deflected shape is rotated to the correct p'<;>si tion . This is obtained a$ follows: 
True Def . . = Trial Def .. + 
1 1 
FINAL OU'l'PUT 
(Trial Def. 10 - Known Def . ) L 
Where : i= section being considered 
1= interval length 
L= length of member 
From these calculations, the final machine output consists of 28 me~ber end-
: I 
moments, 11 joint rotations, and the 5 sidesway displacements. In addition, the 
moment, shear stress, and extreme fiber stress at 10 sections in each member of 
the top chords and each of the interior members is printed out . Along the bottom 
chord, the same information plus the deflection is given for each section. 
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PART III - THE COMPUTER PROGRAM 
THE 7090 - 1401 SYSTEM 
The system for which this program was developed is an I.B.M. 7090 digita+ 
computer. One of the limiting factors in this machine's operating speed is the 
rate at which it can assimilate and return tnformation. Therefore, all informa-
tion is fed into the 7090 on magnetic tape which can transfer material at the rate 
of 15,000 to 62,500 characters per second . In contr,st, paper cards which are the 
second fastest method, have a maximum rate of about 1,aoo characters per second. 
Since magnetic tape is not a convenient device for the user, a second smaller com-
puter, an I.B.M. 1401, is provided to convert the input from cards to tape and 
the output from tape to printed page, cards, or cathode ray tube . 
The memory unit of the 7090 is a magnetic core. It consists of a square grid 
of wires with a macroscopic magnetic "donut", or core, strung on the junction of 
each pair of wires . Each one of these junctions and corresponding core is a memory 
location. Thirty-six i~entical grids are then stacked vertically so that each mem-
ory location in the plan view is 36 cores deep. The University of Illinois com-
puter has 32,768 such memory locations . An average character requires about 6 bits, 
so each location of 36 cores can store an average of 6 characters. This storage 
volume is also supplemented by a disk storage unit having a capacity of about a 
mil+ion words and unlimited tape storage . However, the access time of these latter 
devices is much greater than the 2+ microseconds of the core storage unit. 
The reason for specifically designating the 7090 as a digital computer is that 
unlike the analogue machine, it performs mathematical operations with numbers. The 
analogue computer, as the name implies~ provides information through an analogy 
between electric current vs. time; and the parameter the user is studying vs. time. 
A digit~l computer must operate on only two conditions. For example, this may be 
either current flow or no current flow. 
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Since there can be only these two conditions, the computer must operate on a binary 
number system . This means that all numbers, letters , and operation codes must be 
expressed as a series of on-off conditions, much like Morse code. To write a program 
of any magnitude in this form is extremely tedious. 
THE HIERARCHY OF LANGUAGES 
In order to make computer programming easier and more practical, a hierarchy 
of languages has evolved. The lowest of these is the binary or machine language, 
followed by symbolic, interpreter , compiler , and finally, problem-oriented languages. 
A SCAT program which is of the symbolic class , is written mnemonic symbols, but 
requires a separate statement for every computer operation. FORTRAN, a compiler 
type language, consists of mathematical statements from which the compiler gener-
ates the necessary machine language instructions. On the average there are 5 in-
structions per FORTRAN statement. 
As soon as the FORTRAN program which is called the "source deck" is operational, 
it is punched out on cards in the machine language form . This second deck is called 
the "object deck". Since the process of compiling a FORTRAN program is time-consuming, 
the use of the object deck, as soon as possible, is desirable. Therefore, it is 
also advantageous to use as many subroutines as possible since these can be checked-
out separately and reduced to binary form . Then they no longer need to be compiled 
on succeeding code checks as the program is built up to its full length. 
PORTHOS 
The executive system, or means of controlling the machine operation, at the 
University of Illinois has been given the code name · "PORTHOS" . Since this 7090 
installation is new, these details are constantly changing and a revised copy of 
PORTHOS manual should be kept on hand . The digital computer laboratory does have 
a mailing list through which it is almost possible to keep up with their constant 
revisions. This cannot be over-emphasized since what is workable at the present 
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may be completely rejected in the future , One precaution the writer did take was 
to include all subroutines within the program rather than use library subroutines 
which may be altered . 
The deck make-up for submitting both source and object decks is shown in 
Figures 12.1 and 12.2 respectively . A sample ID car'd, two of which must be sub-
mitted with each deck, is shown in Figure 13 . The time , page, and card estimate 
refers only to results. Compiler time is not included, so an estimate of .2 minute 
for each configuration s~bmitted plus . l minute for each set of load data should 
be sufficient. The configuration data is printed out with each set of load data 
and the number of pages required for printing the compiled program, if any, is 
not included in the estimate. Therefore, the page estimate consists of 3 pages 
for each set of load data. Since the card estimate does not include the punch-
out of object decks, it will always be 0 . Although not guaranteed, the com-
puter is supposed to halt if these estimates are exceeded so it is best to over-
estimate slightly. 
Finally, the personnel at the computer ·laboratory have arbitrarily established 
that all source decks submitted shall be considered as code check runs and all 
object decks as production runs . Code checks are limited to a maximum time estimate 
of 3 minutes and a page estimate of 6 . 
CHANGING THE PROGRAM 
Any change to be made in the program must be made in the source deck. From 
this revised deck a new object program is obtained by including the · "$ PUNCH OBJECT" 
card as shown in Figure 12.1. The object deck will be punched in binary form on 
brown cards. The first and possibly the last card of the deck as returned may not 
be a binary card and must be discarded. A binary card can be distinguished by 
punches in rows 7 & 9 of column 1. If there should be reason to separate the 
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; subroutines from the main program , i t wi ll b e found that the first card of any 
program or subprogram is punched i n row 12 (at the top) ~ column l , Finally, it 
is possible to submit the main program i n FORTRAN with the subroutines in binary 
as also shown in Figure 12 , 1 , Columns 78 - 80 of the binary deck contain a 
sequential numbering so that they may be machine sorted if dropped , 
THE FLOW DIAGRAM 
The flow diagram (Figure 14) was no t left until last because it is of little 
significance . On the contrary , when the flow diagram is finally completed and 
corre ct, a major portion of t h e work has been done , Writing the program in FORTRAN 
is somewhat like playing poker - it requi r e s r e latively little intelligence but 
the rules must be adhered t o rigorously . Furthermore , there are graduate ~tudents 
at the digital computer labora t ory who are availabl e for assistance with the details 
of programming . 
The flow diagram is the method of anal ysis in symbolic form , Before it can 
be drawn, the programmer must determine the method of analysis and the procedure 
to be followed , Without a flow diagram it is almost impossible to write a program 
and not get lost in the maze of details , Using the flow diagram, the program may 
be written step-by-step and this trap avoided , Changes should also be checked 
out in the flow diagram to be sure they are compatible before being applied to 
the program itself. 
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